An efficient and accuracy sensitivity analysis method for optimal analysis of random vibration of vehicle-bridge coupled system is purposed. The pseudo-excitation method is used to transform random road surface roughness into a series of deterministic harmonic excitations, and then the precise integration method is adopted to compute vehicle/bridge system response. The pseudo-excitation method and the precise integration method are both accurate and efficient, so that the first and second order sensitivity information of the responses can be obtained very conveniently. Taking ride comfort as the objective function, an optimal analysis for a vehicle/bridge system is performed.
INTRODUCTION
In recent years, dynamic analysis of coupled vehicle-bridge systems has received much attention. The road surface roughness is well known to be a random process. It is very difficult to perform a vibration analysis concerning such random vibration (Lou and Zeng 2005, Xia 2000 , Lei and Noda 2002, Zhai 1996) . Furthermore, very little research concerning optimal analysis with the consideration of random response appears in the literature. There are two difficulties for the optimal analysis (Yamazaki et al. Naude and Snyman 2003) : One is that the conventional method for random vibration analysis require much computational effort, the other is that, generally, the objective function for optimal analysis is highly nonlinear and the calculation procedure for sensitive analysis is very complicated. Beliveau et al used the least-squares iteration method to compute the first two order sensitivities of eigen values (Beliveau et al. 1996) . A matrix perturbation method and a method based on Laplace transformation were dveloped by Chen (Chen et al. 1993 ) and Zimoch (Zimoch 1987 and Durbin 1974) , respectively. All the above methods are very time consuming which restrict their applications. In this paper the pseudo excitation method (PEM) and precise integration method (PIM) are combined to promote computational efficiency, which have been described in detail elsewhere (Lin et al. 1994 , Lin et al. 2001 , Lin and Zhang 2005 . Moreover, sensitivity analysis for dynamic optimization based on PEM and PIM is developed to calculate the first and second order sensitivities of random responses. In numerical examples, the proposed method is verified, and an optimal analysis for a vehicle is performed.
Equations of motion for vehicle systems

Vehicle stationary random vibration
The vibration is stationary random vibration for single vehicle. Consider the linear model of a double axle vehicle shown in Fig.1 For vehicle stationary random vibration, the responses has been solved conveniently by PEM, The high efficiency and accuracy of this procedure has been proved (Lin et al. 1994 ).
The non-stationary random vibration of coupled vehicle-bridge systems
For coupled vehicle-bridge systems, the vibration can be regarded as a set of uniformly modulated, multipoint, different-phase, non-stationary random vibration. Consider a coupled vehicle-bridge model shown in Fig. 2 . Because the wheels are assumed to remain in perfect contact with the track at all times, the constraint conditions between the wheel set and bridge can be described as (4) in which bi z is the vertical displacement of the bridge and ( ) i R x represents the road displacement roughness at this set. The equation of motion for the coupled vehicle-bridge system can be gave as t Mz Cz Kz F (5) where: the vector z is the coupled displacement vector 
Because the system is linear, superposition enables equation (5) . The deterministic responses are found by using PIM (Lu et al. 2006 ) , whereas the random responses are computed using PEM, which transforms the random track excitation into a series of deterministic pseudo-excitations for which PIM gives the responses very conveniently (Zhang et al. 2009 ).
PEM/PEM-PIM based sensitivity analysis
The weighted root mean square (RMS) vertical acceleration aw z of the vehicle is an important index for the comfort of passengers and security of goods and so it is often taken as the objective function for vehicle optimization. It is expressed as 
First-order sensitivity analysis
Suppose the suspension stiffness and damping coefficients f 
Letting the right-hand side of Equation (9) 
Second-order sensitivity analysis
Similarly to the above, the second-order derivatives of specific random responses with respect to the jth
As in the derivation of Equation (9), they must satisfy
Thus, a new method for first and second orders of flexibility analyses of structural non-stationary random responses have been developed in this paper, based on PEM or PEM-PIM. Computing them is much simpler and more efficient than using conventional methods, as will be seen in the examples which follow.
Illustrative example
Example 1. Ride comfort optimization for a bus
In this example, the ride comfort optimization of a bus (Fig.1) is performed based on the flexibility information and the SLP optimality method. Then the efficiency of flexibility analysis by the proposed PEM based method was compared with that of the matrix perturbation method. 
Example 2. Optimization based on first and second-order sensitivities
In this example, the optimization of impact coefficients of the vehicle with different velocities is performed based on first and second-order sensitivities for vehicle-bridge coupled systems (Fig.2 ). It can be seen that the computed results for the Hessian matrix given by the two methods are very close, but that the CPU times required by the PEM-Newmark method is about 9.13 times that required by the proposed PEM-PIM based sensitivity analysis. By combining the optimized results for vehicle ride comfort, the impact coefficients were calculated for different vehicle velocities, see Tab.4. Clearly the impact coefficient increases with the vehicle velocity, but is not proportional to it. The vehicle suspension parameters are also important factors and the optimization of vehicle performance reduces the stiffness coefficients of the suspension, increases its damping coefficients, and decreases the impact coefficients for the bridge.
CONCLUSIONS
A combined PEM-PIM method for optimal analysis of investigating stationary/non-stationary random vibration of vehicle-bridge systems is presented. The pseudo-excitation method (PEM) is proven to be applicable for linear time-variant system, and is adopted to transform non-stationary random excitation of the road roughness into deterministic excitations. The precise integration method (PIM) is used to compute the vehicle/bridge system responses. An optimal analysis for a vehicle is performed.
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